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Inviscid Surface Streamlines and Heat Transfer on
Shuttle-Type Configurations
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North Carolina State University, Raleigh, N.C.

AND
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A method is developed which calculates laminar, transitional, and turbulent heating rates on arbitrary
blunt-nosed three-dimensional bodies at angle of attack in hypersonic flow. The geometry of the body may be
specified analytically, or generated from a doubly cubic spline fit to coordinate points. Inviscid surface
streamlines are calculated from Euler's equation using a prescribed pressure distribution. Laminar and
turbulent heating rates are determined along a streamline by applying the axisymmetric analog to solutions of
the axisymmetric boundary-layer equations. The location of the transition region may be specified optionally
by geometric location, momentum thickness Reynolds number, or integrated unit Reynolds number along
a streamline. Transitional heating rates are then calculated as a weighted average of the local laminar and
turbulent values. Either ideal gas or equilibrium air properties may be used. Results are presented for
blunted circular cones, and a typical delta-wing space shuttle orbiter at angle of attack. In comparison with
experimental data, the present method was found to yield accurate laminar heating rates and reasonably
accurate transitional and turbulent heating rates. The computer program developed to calculate the results
presented herein requires only a few seconds of computing time per streamline on the CDC 6600 computer.
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Nomenclature

parameters defined by Eqs. (31) and (32)
ratio of principal velocity gradients at stagnation

point
parameters used in Eqs. (18) and (23)
derivative along a streamline holding jS constant
unit vectors on body surface, Eqs. (4) and (5)
unit vectors in streamline coordinate system, Eqs.

(6, 3, and 7)
unit vectors in cylindrical doordinate system
body radius in Monge's form, r =f(x~<j>)
scale factor in j8-direction, dq = h df$
enthalpy, joules/kg
scale factor in S-direction, dS = hs d£
body length, m
Mach number
straight-line distance normal to body surface
pressure, N/m2

Prandtl number
distance normal to streamline on body surface,

heat-transfer rate at stagnation point on a scaled
Q.3048-m-radius sphere, w/m2

heat-transfer rate at wall, w/m2

nose radius, m
position vector for points on body
freestream Reynolds number based on length and

nose radius, respectively.
principal body radii of curvature at stagnation

point
distance along a streamline, measured from stagna-

tion point (dS = hs d£)
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Subscripts

e
S
w
oo

body surface coordinates at stagnation point
time, sec
enthalpy ratio, He/Hs
velocity at edge of boundary layer, m/sec
inviscid velocity on surface, m/sec
velocity components along Su and 5T, m/sec
unit vector in direction of freestream velocity vector
cylindrical coordinates
Cartesian coordinates

= angle of attack
coordinate normal to streamline on body surface

boundary-layer pressure gradient parameter
body angles defined by Eqs. (2) and (1), respectively
wall enthalpy ratio, HW/HS
enthalpy gradient normal to wall
inclination angle of inviscid surface streamline,

Eq.(6)
coefficient of viscosity, kg-m/sec
coordinate along a surface streamline (dS = hs d£)
mass density, kg/m3

angle defined by a = <f> — 8$

edge of boundary layer
stagnation point
wall
freestream

Introduction

THE calculation of aerodynamic heating on shuttle-type
configurations is a challenging problem. Configurations

of current interest are three-dimensional (nonaxisymmetric)
bodies which operate at large angles of attack during peak
heating periods.

Numerical methods have been developed for calculating
the inviscid flowfield over three-dimensional bodies at angle
of attack.1'2 However, the application of these techniques
to general three-dimensional bodies, typical of space shuttle,
will require large computational times. Moreover, no
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general three-dimensional boundary-layer solution exists
which can be applied to shuttle-type configurations. This
paper presents a relatively simple method for calculating
inviscid surface streamlines, and laminar, transitional, and
turbulent heating on general three-dimensional bodies at
angles of attack. The motivation for this work was to develop
an accurate approximation method for making engineering
type calculations of three-dimensional heating without
requiring a solution of the complete flowfield equations. The
basic method is described in detail in Ref. 3, and a description
of the computer program is given in Ref. 4. Results presented
in this paper are for an ideal gas; however, both ideal gas
and equilibrium air properties are included in the present
analysis.

Analysis

In order to obtain tractable solutions of three-dimensional
flowfields, simplifying approximations are needed for both
the inviscid and boundary-layer flows. A substantial simpli-
fication to the viscous flow may be achieved through the use
of the axisymmetric analog or small cross-flow approximation
for three-dimensional boundary layers.5'6 This approxima-
tion allows the heat-transfer rate to be calculated along an
inviscid surface streamline by any method applicable to a
body of revolution at zero incidence. The distance along the
streamline is interpreted as the distance along an equivalent
axisymmetric body, and the scale factor or metric coefficient
for the surface coordinate normal to the streamline (which is a
measure of the streamline divergence) is interpreted as the
radius of the equivalent axisymmetric body. Thus, each
inviscid streamline corresponds to a different equivalent
body or revolution at zero incidence. The axisymmetric
analog was shown7 to be applicable when the ratio of wall
to stagnation enthalpy was small, as it is in most space
shuttle applications.

Inviscid Surface Streamlines

The major difficulty in applying the axisymmetric analog
is the calculation of the inviscid surface streamlines and the
corresponding equivalent radius or scale factor. Before
describing the technique to calculate these parameters, a
method for describing the body geometry must be introduced.

Represent the body geometry by Monge's form r =f(x,</>)
in a cylindrical coordinate system with the unit vectors ex, er,
and e<t> in the x9 r, and <f> directions, respectively (see Fig. 1).
Define the two body angles F and 84, by the relations

(1)

(2)tanF =

where — ?r/2 < 80, F < 77/2. These two angles are shown in
Fig. 2. The unit vector normal to the surface (outer) can be
written in terms of F and 8$ as

en = — sinF ex + cosF(cosS0 er — si (3)

It will also be convenient to define the unit vector (eT) tangent
to the body in a cross-sectional plane, given by the equation

eT = (4)

y y \u<i>
SIDE VIEW REAR VIEW

Fig. 1 Body geometry and coordinate system.

AC IS NORMAL TO BODY AT A
A3 IS PROJECTION OF AC ON CROSS SECTIONAL PLANE
en UNIT NORMAL IN DIRECTION OF CA

e,i UNIT VECTOR TANGENT TO BODY AND IN PLANE ABC

Fig. 2 Geometry of body angles 8$ and F.

and the unit vector (<?i 0 tangent to the surface and perpen-
dicular to en and eT, given by the equation

ei i == cosF 6* 4- sinF(cosS0 er — (5)

Thus en, <?T, and £11 are a set of mutually perpendicular unit
vectors with eT and £n tangent to the body surface. These
unit vectors are also shown in Fig. 2.

In order to orient an inviscid surface streamline, let es be a
unit vector in the direction of the streamline with 6 the angle
between es and <?n. Then

es = cos0 sin0 eT (6)

Define eft as the unit vector tangent to the surface and normal
to <?*,

ss - sin0 el i + cos0 eT (7)

Here also es, en, and ep are a set of mutually perpendicular
unit vectors with es and eft tangent to the surface.

The geometry of the inviscid surface streamlines is deter-
mined from Euler's equation

DV/Dt = — (Vp/p) (8)

where the operator D/Dt is the time derivative along a stream-
line (for steady flow). In streamline coordinates Euler's
equation can be written in the form

where dq is the differential of arc length in the e^ direction
(normal to the streamline) and DS is the differential of arc
length in the es direction (along the streamline)* Taking
the scalar product of ep with Eq. (9) and defining the angle
or = <f> — 84,, (see Fig. 1) the streamline equation is obtained in
the form

DOJDS = - sinF Da/DS - (1/pV2) (10)

which can be integrated along a streamline to obtain 0, the
local streamline direction. The first term on the right of
Eq. (10) depends on the body geometry whereas the second
term depends on the surface pressure distribution. However,
before this equation can be applied, transformation operators
are needed to relate Da/DS and &p/dq to their respective
derivatives in cylindrical coordinates. These operators are
developed in Appendix A.

The geometric location of the streamline (*,<£) is given by
the following differential equations (also developed in Appen-
dix A)

Dx/DS = cos0 cosF (11)
and

f(D</>ID$) - sin0 cos§* - cos0 sinS* sinF (12)
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Thus, Eqs. (10-12) provide three equations to be integrated
along a streamline to obtain 6, x, and </>, respectively. Equa-
tion (10) is indeterminate at the stagnation point but this
indeterminacy can be resolved as shown later in the section
on the stagnation region streamlines.

Scale Factors
Since the surface streamlines and their corresponding

surface orthogonal lines are curvilinear, the scale factors
(metric coefficients) play an important role. To illustrate their
importance, the differential arc lengths dS and dq are written
as

dS = hs d£
dq^hdfi

(13)

(14)

where £ is the coordinate along a streamline, j8 is the coordinate
normal to the streamlines, and hs and h are their correspon-
ding scale factors (see Fig. 3). The differentials d% and dfi
are exact whereas in general dS and dq are not. Since d£ and
dp are exact differentials, mixed partial derivatives involving
these variables are interchangeable. With this and the
assumption that the flow on the surface is isentropic (i.e.,
inviscid) the following equation can be obtained for the scale
factor h (see development in Appendix B)

hDS2

2~ 3JL «~ 3JL (15)
cos2F cos6^

7
This differential equation can be integrated along a streamline
to determine the scale factor or equivalent radius h (see
Fig. 3) for use in the axisymmetric analog and the integration
can be carried out independent of other streamlines. The
term B2p/dq2 can be expressed in terms of derivatives with
respect to x and <f> by repeated use of the transformation
operator developed in Appendix A.

The geodesic curvature of the surface lines orthogonal to
the streamlines is l/h Dh/DS, and it is a measure of the amount
that the streamlines diverge (Dh/DS > 0) or converge
(Dh/DS<Q). The form of Eq. (15) indicates that h is not
completely determinate; it may be multiplied by a constant
or any function of /?. For the analysis herein the coordinate
ft is chosen so that it reduces to the circumferential angle </>
and h reduces to the radius r for the special case of an axi-
symmetric body at zero incidence.

To summarize, the calculation of an inviscid surface stream-
line and its corresponding scale factor h is accomplished by
numerically integrating Eqs. (10-12, and 15) for 8, x9 </>, and
h> respectively. Initial conditions required to start the inte-
gration of each streamline are developed in the section on
the stagnation region. To perform the integration, the body
geometry and surface pressure distribution must be specified.
Two methods have been used to describe the body geometry:

STREAMLINES
(p- CONSTANT LINES)

Fig. 3 Scale factor, h.

1) analytic equations and 2) a two-dimensional cubic spline
function generated from coordinates of points around the
periphery of the body at several axial stations.3 Although
in theory the second method can be used to describe very
general body shapes, in practice it is limited to nonplanar
type bodies. This restriction is necessary to avoid oscilla-
tions in the body surface slope that can induce errors in the
streamline solution. Further work is needed to generalize
the geometry description.

Stagnation Region Streamlines

The equations developed previously for the inviscid surface
streamlines and scale factor h are singular at the stagnation
point. Therefore, an analytic solution will be developed
for a small region surrounding the stagnation point. This
solution will provide the initialconditions to start the numerical
integration of the streamline and scale factor differential
equations.

For the region surrounding the stagnation point, it is
advantageous to use coordinates Si i and ST which are along
the body surface and in the directions of the unit vectors
en and eT, respectively. The coordinate Su is on the body
surface along the windward plane of symmetry and ST is
normal to 5n on the body surface. It is assumed that the
stagnation point coincides with the Newtonian stagnation
point. In this region the equation of a streamline may be
approximated by the relation

where
B =

(16)

(17)

is the ratio of the principal velocity gradients at the stagnation
point. Equation (16) may be integrated to yield

_ /~^f Q\ c* B /I Q"\11 = C(pJ OT vloj

where the parameter C(fi) distinguishes one streamline from
another because /? is constant along a streamline. For
convex bodies B > 0, and the stagnation point is a nodal point.
When the stagnation region is spherical, B = l, and the
streamlines emanate radially. Otherwise the slope of the
streamlines at the stagnation point tan#s (where tan0s = DST/
DSn) is equal to 0 for 0 < B< 1 and oo for B > 1.

Reshotko8 has expressed the ratio of velocity gradients at
the stagnation point (B) by the equation

B = RT/RII (19)
where

and

= [//(cosr (20)

(21)

SPACING-dq-hdp

are the principal radii of curvature.
Considering j8 = j8(5n, ST) it is shown in Ref. 3 that the

scale factor equation may be written as

h(dpJdST) = eT ' ep = cos0 (22)

from which the following equation is obtained3

h = Ci(0)SW[l + £2Sn2ASV2]1/2 (23)

The parameter Ci(jS) is constant along a streamline, but differs
from one streamline to another. Equations (18) and (23)
provide the initial conditions at some selected point, near
the stagnation point, to start the numerical integration of a
streamline. The coordinates of this selected point deter-
mines C(j8) from Eq. (18) whereas Ci(j8) is arbitrary since h is
not completely determinant.
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Stagnation-Point Heat-Transfer Rate

Previous investigators6'7'9 have been unable to obtain
the correct limiting form of the heating rate at a general
three-dimensional stagnation point using the axisymmetric
analog because the scale factor h could not be evaluated
accurately in this region. However, in the present analysis,
the limiting form of the stagnation-point heating rate can be
obtained since Eq. (23) gives an accurate expression for h.
When the axisymmetric analog is applied to Lees' equation10

for qw, the limiting form at the stagnation point is the same
as the general three-dimensional stagnation-point heat-
transfer rate obtained by Reshotko8 for a cold wall.J

Using the axisymmetric analog, the heating rate along an
inviscid surface streamline is obtained from an expression
for the heating rate on an equivalent axisymmetric body at
zero incidence by replacing the body radius by the scale
factor h and the distance along the body surface by the dis-
tance along the streamline. With these replacements, Lees'
equation for a cold wall10 becomes

qw = • (24)

This equation can be applied independently to any inviscid
surface streamline on a three-dimensional body; however,
it is indeterminate at the stagnation point where Ue = 0 and
h = 0. This indeterminacy can be resolved by using the results
obtained for stagnation region streamlines from the previous
section, where it can be shown that

e=y= VTI sin<9 = (8 VT/dST)s S
DS = DST/sm9

sin0 = STI(B2S,,2 + SV2)172

(25)

(26)

(27)

Then, using the approximation p/ps ~ 1, the following limit is
obtained

(28)

When this result is substituted into Eq. (24), the resulting
equation is the same as that obtained by Reshotko for a cold
wall.

For the present analysis, the three-dimensional stagnation-
point heat-transfer rate is calculated by adaptation of the
equation given in Ref. 9, but modified so that if reduces to
rates compatible with experimental results in the limit of
two-dimensional and axisymmetric stagnation points. This
yields

116 + 0.411 /?S°-686I

' Pr~°61 SI X ^^-)s'0>.̂ .)s* (ft - ft) (29)

In this equation, the pressure gradient parameter ft is given by

(30)

and the exponents a and b are assumed to vary linearily with
PS,

0 = 0.1-0.08 (/3S-0.5) (31)
(32)

Taking the limit of Eq. (35), it is found that

. [!/(£+!) for B>\
^S ~ \B/(B + 1) for 0 < B < 1 (33)

Beckwith6 used j8s ~ 1 — Q.5B for 0.5 ̂  B < 1, which gives
the correct values for a sphere (B = 1, [3S = 0.5) and a cylin-
der G& = 0, /3S = 1), but disagrees with Eq. (33). Equation
(33) gives the correct value for a sphere but for the cylinder
(B = 0) it gives /3S = 0. This result is not surprising since
in the axisymmetric analog the streamlines are assumed to
originate from a single stagnation point, and therefore all
the streamlines on the cylinder are forced to emanate from
this point rather than the stagnation line along a generator
of the cylinder.

The velocity gradient used in Eq. (29) is obtained from
modified Newtonian theory and is given by the equation

Surface Heating Rates

With the streamlines thus determined and the velocity
gradients known, the surface heating rates are readily calcula-
ted. Application of the axisymmetric analog to solutions
of the locally similar boundary-layer equations in Ref. 1 1 for
a relatively cool wall gives the laminar heating-rate ratio

(35)

where9

1.116 +0.411
1 + 0.527 /3s

1 + 0.527/3°-686

.116 + 0.411 B0-68

(1.1 - 0.1625 te'+ 0.0625 re
2) x

(1 -
(36)

The axisymmetric analog was not used in Reshotko's analysis.

Laminar heating rates are obtained by applying Eq. (35) along
an inviscid surface streamline, and heating rates along each
streamline are computed independently. Solutions are then
computed along other streamlines until an adequate surface
heating distribution is obtained.

The axisymmetric analog is applicable to turbulent as well
as laminar three-dimensional boundary layers.5 Here the
axisymmetric analog is applied to a modified form of the
integral method of Reshotko and Tucker13 to obtain the
turbulent momentum thickness. Then the momentum thick-
ness is used to calculate the local skin-friction coefficient from
the correlation formula of Spalding and Chi,14 and finally skin-
friction coefficients are converted to turbulent heating rates
through Reynolds analogy. Modifications were made in all
of these techniques to allow the use of equilibrium air as well
as ideal gas properties.

The beginning and end of the transition region is specified by
geometric location or some other criterion such as integrated
unit Reynolds number or momentum-thickness Reynolds
number along a streamline. Then the heating rate in the tran-
sition region is calculated as a weighted sum of the local lam-
inar and turbulent heating rates, using the weighting distribu-
tion given by Dhawan and Narasimha.12

Gas properties at the edge of the boundary layer are cal-
culated from the surface pressure and normal-shock entropy
(typical blunt body assumption). For an ideal gas these
properties are obtained from standard isentropic relations,
whereas for equilibrium air the correlation formulas of
Cohen15 are used in order to keep the computations relatively
simple. It should be noted that the assumption of normal-
shock entropy is not valid in those regions where the boundary
layer has swallowed the entropy layer.
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——— MOC
———PRESENT THEORY
——— SIMPLIFIED STREAMLINES

Fig. 4 Surface streamlines on a blunt 9° half-angle cone at a = 10°
and Moo = 18.

Results and Discussion

Inviscid surface streamlines on a blunted 9° half-angle
cone are shown for a = 10° and Moo = 18 in Fig. 4. Each
of the streamlines is calculated by three different methods:
1) method of characteristics16 (MOC), 2) present method
using a modified Newtonian pressure distribution, and 3)
simplified streamlines17 (depending only on body geometry).
This figure shows that the j8 == 5° and 20° streamlines calcu-
lated by the present method using a modified Newtonian
pressure distribution are in good agreement with the exact
streamlines calculated by the MOC. This is not too sur-
prising since Newtonian theory is known to give a reasonably
good prediction of the actual pressure distribution over the
windward surface of blunt cones at angle of attack. The
j8 = 90° streamline (present method) does not agree well with
the result obtained by the MOC, but this is because the
Newtonian pressure distribution differs greatly from the
MOC pressure distribution on the lee side of the cone. The
simplified streamlines for ]8 = 5° and 10° differ greatly from
the streamlines obtained by the present method and by the
MOC. This indicates that in addition to body geometry, the
surface pressure distribution has a strong influence on the
streamline path. For j8 = 90° the reasonably good agree-
ment of the simplified streamline with the MOC streamline
is probably fortuitous.

Figure 5 shows laminar heating rates for a blunt 15° half-
angle cone at a = 20°, Moo = 10.6, and Re*.i, =• 0.0357 x 106

(rN = 0.00925 m). The experimental data18 are presented
as a ratio of local to stagnation-point heating rates. The
figure at the left shows axial distributions of heating-rate
ratios for two rays on the cone, the most windward (</> = 0°) and
the side ray (<£ = 90°). The figure on the right side shows a
circumferential distribution of heating at x/rN = 26.5. In
computing the heating rates, modified Newtonian pressure
distributions were used. Excellent agreement between theory
and experiment is obtained.

O DATA FROM NASA TN D-5450

PRESENT THEORY- NEWTONIAN PRESSURES

Q

.042m

Fig. 6 Typical delta-wing space shuttle orbiter.

Figure 6 shows a typical delta-wing space shuttle orbiter
on which computations have been performed. This con-
figuration was selected because of the availability of thermo-
couple heat-transfer data that were obtained at NASA Ames
Research Center19 (ARC) at Moo = 7.4. The dimensions
shown on the figure are for the ARC thermocouple test model.
The surface geometry was described by analytical equations,
using a method described in Ref. 2. Basically, it consisted
of fitting the planform and plane of symmetry profile with
polynomial functions of x, and then using different elliptical
segments to fit the upper and lower-half cross sections.

Figure 7 shows a comparison of laminar heating rates
computed by the present theory, using a Newtonian pressure
distribution, with experimental data at a = 30° for the typical
delta-wing orbiter shown in the previous figure. The heat-
transfer data are presented as a ratio of local heating rate to
a reference value #W/#REF, where the reference value is at the
stagnation point of a scaled 0.3048-m-radius sphere (scale
factor = 0.006). Axial distributions of #W/#REF are presented
in the upper left-hand portion of the figure for the windward
surface plane of symmetry (<f> = 0°). The theory and data
are in good agreement over the forward portion of the model
(i.e., xjL < 0.5) but the theory falls below the data over the aft
portion (i.e., x/L > 0.5). Newtonian theory predicts a max-
imum pressure occurring on the windward plane of symmetry
for x/L < 0.4, thus (^2^/a^2)0 = 0< 0 in this region and the
surface streamlines tend to diverge. § For x/L > 0.4 Newto-
nian theory also predicts a maximum pressure occurring off the
windward surface plane of symmetry; thus (d2p/d</>2)4 = o > 0
in this region, the surface streamlines tend to converge, and
the heating rates are reduced. Examining unpublished
experimental pressure data obtained on this same configuration
at ARC, one finds that the data (although sparse) tend to
indicate that as far back as x/L = 0.6, (02/>/^2)* = o <0.
Thus, the previous calculation was repeated with the condition

= o ==0 for x/L = 0.4 resulting in the heat-transfer

O THERMOCOUPLE DATA ARC

.10 -

° D PAINT TEST DATA LaRC

— PRESENT THEORY -NEWTONIAN PRESSURES

7.4, Re^ = 1.04 x 106
L

'

.10 r

0,deg

0 10 20 30 40 50 0 30 60 90 120 150 180
x/rM <K, deg

Fig. 7 Heat-transfer distributions and streamline patterns on
typical delta-wing orbiter at a = 30°.

5 Heat-transfer distribution on blunt 15° half-angle cone at
a - 20°, M= 10.6, lteoo.w = 0.0375 x 106. § Note =o = (d2pl&x 3^)0=0 = 0 due to symmetry.
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O THERMOCOUPLE DATA ARC Mm • 7.4, Reco L - 114 x 10°
——— PRESENT THEORY - NEWTONIAN PRESSURES

INVISCID
SURFACE

0 30 60 90 120 150 180
*»deg

Fig. 8 Heat-transfer distributions and streamline patterns on
typical delta-wing orbiter at a = 15°.

Jw
IREF

JL'2
%F_^

O THERMOCOUPLE DATA ARC N\m - 7.4. RCoo L • 1.2 x 10°

D PAINT TEST DATA LaRC M^-aO, RCoo L='l.08xl06

——— PRESENT THEORY - NEWTONIAN PRESSURES

-<D = 0° _1^..0> x / L> .5

0 .2 .4 .6
.3r X/L

F n a

=iO=0
0 30 60 90 120 150 180

Fig. 9 Heat-transfer distributions and streamline patterns on
typical delta-wing orbiter at a = 53°.

rates shown by the dashed line. This result is in better
agreement with the experimental data suggesting that the
previous computation (solid line) underpredicted the data
over the rearward portion of the model because of the unreal-
istic lateral pressure distribution obtained from Newtonian
theory.

The circumferential distribution of heating is shown in the
lower left-hand portion of the figure. The thermocouple
data were supplemented by paint test data obtained at Langley
Research Center (LaRC) at Moo = 8. The theory and data
are in reasonably good agreement. In the lower right-hand
portion of the figure, the computed inviscid surface streamlines
are shown over the forward portion of the lower surface.
The streamline divergence increases as the leading edge is
approached which accounts for the increase in heating in
the vicinity of the leading edge.

Figure 8 shows laminar heating rates and streamline
patterns for the same delta-wing orbiter used in the previous
figure except that here a = 15°. Again, the heating rates
using a modified Newtonian pressure distribution (solid line)
along the windward plane of symmetry fell below the data
over the aft portion. For x/L > 0.15 it was also found that
modified Newtonian theory predicted (^2/?/^2)0 = 0 > 0 which
caused the streamline to converge and finally cross (h = 0) at
x'/L = 0.85, driving the heating rate to zero. The results
given in Ref. 2 indicate that the transverse pressure distribu-
tion is nearly flat across the bottom for x/L = 0.57. There-
fore, the heating-rate calculations were repeated with
(a2^/a^2)0 = 0 = 0 for x/L > 0.4, resulting in the heat-transfer
rate shown by the dashed line. This more realistic pressure
distribution resulted in heating-rate calculations very close
to the experimental data. The circumferential heating-rate
distribution at x/L = 0.3 is shown in the lower left-hand side
of the figure but only one experimental point on the windward
side is available for comparison. Stream-line patterns are
shown in the lower right-hand side of the figure, and they
are in qualitative agreement with those computed in Ref. 20.

Figure 9 shows results similar to those of the previous
two figures except the angle of attack is 53°. As in the pre-
vious two cases, the modified Newtonian pressures predicted
(d2/?/d02)0 = 0 > 0 for x/L> 0.5. At this angle of attack it is
felt that (d2p/d</>2)<t> = o would always be less than or equal to
zero; thus this computation was repeated with (d2p/d(f>2)<t> = o =
0 for x/L > 0.5 with the results given by the dashed line. The
circumferential heating rate compared reasonably well with
experiment, and the streamline patterns show the large
divergence expected at this large angle of attack.

Laminar, transitional, and turbulent heating rates along
the windward surface plane of symmetry of the delta wing
orbiter at a = 30° are shown in Fig. 10. Transition was
specified by geometric location (0.55 < x/L < 0.8). The
theory in the laminar region is quite good; however, the theory
is significantly lower than the experiment in the transition

region. At the end of the body the turbulent theory approach-
es the experimental results. The large difference at x/L = 0.7
and 0.8 may be due to disturbances from the wing-body
juncture affecting the experimental data. More comparisons
with other turbulent data are needed to access the accuracy
of the method of calculating turbulent heating.

Concluding Remarks

A relatively simple method has been developed for compu-
ting the three-dimensional heating on shuttle-type configura-
tions. The method is very fast; for example, typical results
presented in this paper for a single streamline required only
a few seconds of computing time on the CDC-6600 computer.
In general, it requires that the surface pressure distribution
be obtained independently. For cases where the surface
pressure distribution can be approximated with reasonable
accuracy, the heating rates computed by the present method
have been shown to compare favorably with experimental
data. As more exact methods become available for compu-
ting the surface pressure distribution, these methods can be
used to obtain the surface pressure distributions needed in the
present theory. Some further work is needed to include
variable entropy at the edge of the boundary layer in the
analysis and to improve the mathematical representation of
complex geometries.

Appendix A: Development of Transformation Operators

Let R be the position vector of any point on the body
surface relative to the origin of the cylindrical coordinate
system. Then

O THERMOCOUPLE DATA ARC MOT -7/4, ReOT<L-7.24x10

——PRESENT THEORY - NEWTONIAN PRESSURES

O

Fig. 10 Laminar, transitional, and turbulent heat-transfer distribu-
tion on typical delta-wing orbiter at a = 30°.
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and

:rftUfc + (Al)

On the other hand, jR can also be considered as a function of
the streamline coordinates S and q, hence

(A2)

Now, equating the right sides of Eqs. (Al) and (A2), the
following derivatives can be obtained using Eqs. (4-7).

Dx/DS = ex-es = cos0 cosF (A3)

f(D</)/DS) = e* - es = sin0 cosS* - cos0 sinS* sinF (A4)

8x/8q = ex •€(, = - sin0 cosF (A5)

8<f>/8q = — cos# cos80 -f sin# sinS^ sinF (A6)

Note here that Eqs. (A3) and (A4) are the same as Eqs. (11)
and (12) and are used to determine the geometric location
(x,</>) of the inviscid surface streamline. The derivatives
with respect to S and q can be related to derivatives with
respect to x and (/> by the following operators

D/DS = (Dx/DS) d/dx + (Dcf>/DS) 8/8</>
8/8q = (8x/8q) 8/8x + (8(/>/8q) 8/8<f>

(A7)

(A8)

Thus, the transformation operators defined by Eqs. (A7) and
(A8) along with Eqs. (A3-A6) are used to relate derivatives
in streamline coordinates to their respective derivatives in
cylindrical coordinates. It should be noted that in the above
operators it is implied that all derivatives are evaluated on the
body surface where r =f(x,</>) and n = 0, thus

and 8/8<f> = (d/d<f>)XtH8/8x =

Appendix B: Development of Differential Equation for
Equivalent Radius

Since d£ and dfi are exact differentials, mixed partial
derivatives involving these variables are interchangeable.
Thus

82R/8£8p = 82R/8p8£ (Bl)
whereas it is noted that

82R/8S8q ^ 82R/8q8S

Now from Eq. (A2) the following two equations can be
obtained by differentiation

and

8R/8q) =

DR/DS) =

Substituting these two equations into Eq. (Bl) the following
is obtained

h 8e0/d£ = (dhs/d^es + hs 8esldp (B2)

The scalar product of ep with the preceding equation yields

Dh/DS = 86/d£ + sinF da/ dp (B3)

This equation cannot be used to calculate the scale factor h
along a streamline because dO/dfl is not known a priori from

the solution of Eq. (10).1J In order to obtain an equation for
/z, rewrite Eq. (10) in the form

~(hsl8V2)(dpldq) = dd/dg + sinF 0or/0f (B4)

Differentiating this equation with respect to j8 and subtracting
the result from that obtained by differentiating Eq. (B3) with
respect to £, the following equation is obtained

1 D2h
hDS2

Comparing the scalar product of es with Eq. (B2) with Eq. (B4)
it may be seen that

(B6)

Finally, using Eq. (B6), the assumption of isentropic flow
(i.e., inviscid) on the surface, and the transformation operators
developed in Appendix A, Eq. (B5) can be written in the form

hDS2 "v- J[pV28q\ pV28q2^

cos2r cos8» Par a* _ a<7 arl

This equation is the same as Eq. (15) and can be integrated
along a streamline to determine the scale factor or equivalent
radius h.

It can be shown that Eqs. (B3) and (B4) are the same as the
Mainardi-Codazzi relations21 and Eq. (B6) is equivalent to
the Gauss Characteristic equation.21
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